Recently a remarkable connection has been proposed between the fluctuating hydrodynamic equations of a one-dimensional fluid and the Kardar-Parizi-Zhang (KPZ) equation for interface growth. This connection has been used to relate equilibrium correlation functions of the fluid to KPZ correlation functions. Here we use this connection to compute the exact cumulant generating function for energy current in the fluid system. This leads to exact expressions for all cumulants and in particular to universal results for certain combinations of the cumulants. As examples, we consider two different systems which are expected to be in different universality classes, namely a hard particle gas with Hamiltonian dynamics and a harmonic chain with momentum conserving stochastic dynamics. Simulations provide excellent confirmation of our theory.
The properties of current fluctuations of energy and particle in various systems, both in and out of equilibrium, is an area of much activity recently. A number of papers have found unexpected universal features in these fluctuations in diverse systems [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . For example it has been shown that particle transfer in the symmetric exclusion process and charge transfer across disordered conductors have exactly the same value for a particular combination of current cumulants [9] . On ring geometries [11] considered hard particle gases and looked at the net energy q transferred across a section in a fixed large time interval τ. Simulations indicated large fluctuations with the cumulants q 2 c /τ ∼ L −1/2 and q 4 c /τ ∼ L 1/2 where L is the system size. This is in contrast to diffusive systems for which q 2 c /τ ∼ L −1 and q 2n c /τ ∼ L −2 for all n. In this Letter we study energy current statistics of a system of interacting particles moving on a ring. We consider two different models, one deterministic and the other stochastic, but both having the same set of conservation laws. Our first model is the alternate mass hard particle gas [12] [13] [14] and the second model is the harmonic chain whose Hamiltonian dynamics is perturbed by an additional conservative noise [15, 16] . In both cases, energy, momentum and "total stretch" (see below) are conserved variables. These two models have been widely studied in the context of anomalous heat transport [17, 18] where they represent examples of two universality classes. Recent work on fluctuating hydrodynamic theory (FHT) [19] [20] [21] [22] [23] also predicts that these two models belong to different universality classes as far as the scaling form of various equilibrium correlation functions is concerned. One of the main aims of this Letter is to use FHT to compute the cumulant generating function for current fluctuations (which is related to the corresponding large deviation function), look at universal features and their differences for the two models, and compare the predictions with simulations.
We consider N particles with positions and momenta described by the variables {z x , p x }, for x = 1, . . . , N, and moving on a periodic ring of size L such that z N+1 = z 1 + L and p N+1 = p 1 . The particles are assumed to only have nearest neighbor interactions. In the alternate mass hard particle gas (HPG), point particles move ballistically in between energymomentum conserving collisions. The masses of the particles are chosen as m 2x = m a , m 2x−1 = m b for x = 1, 2, . . . , N/2 (with N chosen to be even). The case m a = m b is integrable while for m a = m b one numerically observes ergodicity and equilibration (for N > 3) [12] [13] [14] , and it is expected that the system is non-integrable. The system is taken to be in equilibrium at time t = 0 and we consider the statistics of the total heat transferred, q(y, τ), across a specified point y in a given time interval τ. For the hard particle gas the energy flux at a spatial location y is given by
The total energy flux in a fixed time interval is given by q(y, τ) = τ 0 dt j(y,t), and our interest is in the statistics of this. On the ring geometry, the statistics is independent of y, hence we will omit the spatial index. Alternatively one can look at the statistics of the average integrated current, namely
We now briefly describe FHT for the HPG, and then apply it to compute the cumulant generating function for energy. In this theory, as detailed in [21] , one assumes that the conserved variables vary slowly in space and time. For the alternate mass gas, it is appropriate to consider a unit cell of size two and define the centre of mass vari-
Next we consider the coarse-grained conserved fields r(x,t)
From the Hamiltonian equations of motion one finds
arXiv:1512.00561v1 [cond-mat.stat-mech] 2 Dec 2015 wherem = (m a + m b )/2, P(x,t) = P(r, e), is the local pressure and ∂ f /∂ x = f (x + 1) − f (x) denotes the discrete derivative. The system is prepared in a state of thermal equilibrium at zero total average momentum, constant temperature (T = β −1 ) and constant pressure (P) ensemble. This corresponds to an ensemble defined by the distribu-
, where
. Now consider small fluctuations of the conserved quantities about their equilibrium values, u 1 (x,t) = r(x,t) − r eq , u 2 (x,t) = p(x,t) and u 3 (x,t) = e(x,t) − e eq . The fluctuating hydrodynamic equations for the field u = (u 1 , u 2 , u 3 ) T are now written by expanding the conserved currents in Eq. (3) to second order in the nonlinearity and then adding dissipation and noise terms to ensure thermal equilibration. Thereby one arrives at the noisy hydrodynamic equations
The noise and dissipation matrices, B, D, are related by the fluctuation-dissipation relation DC + C D = B B T , where the matrix C corresponds to equilibrium correlations and has elements C αβ (x) = u α (x, 0)u β (0, 0) . The noise term reflects that the dynamics is sufficiently chaotic, which indirectly rules out integrable systems.
We switch to normal modes of the linearized equations through the transformation (φ − , φ 0 , φ + ) T = φ = R u, where the matrix R acts only on the component index and diagonalizes A, i.e. RAR −1 = diag(−c, 0, c). The diagonal form implies that there are two sound modes, φ ± , traveling at speed c in opposite directions and one stationary but decaying heat mode, φ 0 . The matrices A and R −1 are given by
where ∂ P, ∂ e P denote partial derivatives of the pressure with respect to average equilibrium stretch and energy respectively, and c = (3β /m) 1/2 P is the speed of sound. There is some freedom in R and it is chosen such that it satisfies the normalization condition RCR T = 1, where C is the equilibrium correlation matrix [21] . Current fluctuations: The equations of motion Eq. (4), in terms of the normal modes, are given by
where j N s = ∑ α R sα j α . Leaving out the fluctuation-dissipation parts, the various mode currents are given by
where
The matrices G s are known completely in terms of microscopic parameters. Some of these for the HPG, that are relevant to our discussion here are: G 0 00 = 0, G
Since the sound modes travel in opposite directions while the heat mode stays fixed, we expect that the diagonal terms of G s in Eq. (7) are important for determining current correlations. Keeping only these terms, we get:
The energy current is given by
, and hence adding the contributions of the three modes we get
We note that the energy current gets contributions only from the sound modes. Now we turn to the equations governing the three fields (6) . Again because of the fact that the fields quickly separate in space, it is sufficient to consider to retain only the leading nonlinear terms in the currents. Thus the sound modes are governed by Burgers equations and this leads to the correlations satisfying KPZ scaling. On the other hand the heat mode which is diffusive at short times gets contributions from the sound modes and develops Levy-like correlations at long times. The prediction of nonlinear fluctuating hydrodynamic theory [21] , for the correlation functions of the three modes are
where f KPZ (x) is the KPZ scaling function, and f ν LW (x) is the Fourier transform of the Lévy characteristic function e −|k| ν . The parameters λ s,e are known.
The energy current in Eq. (9) is dominated by the sum of two counter-propagating Burgers modes
+ is the generating function for current in the Burgers equation, then the generating function of the energy current in the anharmonic chain is given by
At large times we have Z(λ ) ∼ e µ(λ )τ and hence the energy current cumulant generating function µ(λ ) is related to the Burgers current CGF µ BG (λ ) as
The CGF for the Burgers current is directly related to the current CGF in the ASEP. For ASEP on a lattice of size N and particle density ρ, the CGF is known exactly and given by [6, 7] µ BG (λ ) = λ a 2 2π
where a = [2πρ(1 − ρ)] 1/2 and the function G(z) is known through the following parametric equations
The relation (11) implies that the odd cumulants of the heat flux vanish while the even moments are given by:
where the cumulants c 2n are the cumulants are obtained from a solution of Eqs. (12, 13) and given by We can thus make the following predictions for the cumulants of the heat current in the mechanical HPG model: (i) The 2nd, 4th and 6th cumulants scale with system size as N −1/2 , N 1/2 and N 3/2 respectively. (ii) For large system size we get the universal value for the ratio r = C 2 C 6 /C 2 4 = 2.99248... We now turn to the second model, namely the harmonic chain with energy-momentum conserving stochastic dynamics. In the framework of FHT this corresponds to the special case of a symmetric potential and zero pressure, and expected to have different universality properties. The predictions of FHT is that the three modes satisfy the following equations
Thus the sound modes are diffusive while the heat mode can be shown to become Levy-like (with a different exponent than the P = 0 case). The energy current is now given by
Since the equations for the sound modes are linear, it is possible to obtain exactly the statistics of the energy current. Let us consider the characteristic function Z φ (λ ) = e −λW where W = (1/N) ∑ N l=1 τ 0 dtφ 2 l (t) and the average is over the noise ξ (x,t). This involves Gaussian integrations and hence calculation is straightforward. However, since it is lengthy, the details are shown in supplementary material [24] . We finally get Z φ (λ ) ∼ e µ φ (λ )τ with the cumulant generating function
where λ q = q 2 with q = 2sπ/N and s = 1, 2, . . .. Expanding µ φ (λ ) in a series about λ = 0 we get
where B 2n are the Bernoulli numbers given by
For the heat current corresponding to Eq. (22) we then get for the even cumulants:
where A = κ∂ PG 0 ++ /(c 2β ). In particular we get
The 2nd, 4th and 6th cumulants now scale as N 0 , N 2 and N 4 respectively, which is completely different from the HPG scalings. We again get the universal ratio r = C 2 C 6 /C 2 4 = 147/22. Simulations: We now present results of simulations of the two models, where we evaluate up to sixth cumulants, and compare with the predictions of the theory. For the case of the hard-point gas, a system of N = L particles was taken, with masses of alternate particles set at 1 and 2.62. This choice of mass ratio is not crucial, and anything not too close to 1 should work [25] . The initial velocities of the particles are chosen from a microcanonical ensemble such that total momentum is zero and the total energy is E = N, which corresponds to T = 2. The initial positions of the particles are chosen from a uniform distribution between 0 and L. An event-driven molecular dynamics simulation was performed, in which successive update time steps are taken to be the smallest of the collision times between neighbouring pairs. After some initial transients, the system is run for a total time of Rτ max and we obtain Q r (τ) for r = 1, 2, . . . , R, and the sampling times are at regular intervals in the interval (0, τ max ). The n th moments are then computed as Q n (τ) = (1/R) ∑ R r=1 Q n r (τ) . We then compute the cumulants. The number of realizations averaged over was R ∼ O(10 9 ).
Cumulants obtained from the two definitions of heat flux, Q in Eq. (2) or q, were evaluated. These behave differently at finite time, but both exhibit a linear growth for large τ and Q n c /τ and q n c /τ appear to converge to the same value, as is expected. Here we show results only for Q. In Fig. (1) we show the time dependence of the cumulants for a system of size N = 400. Following [11] , we plot the ratios Q n τ c /τ versus 1/τ and by extrapolating the linear region of the graph, extract the asymptotic values. These asymptotic values of the cumulants have been plotted in Fig. (2) . For n = 2, 4, our results agree with those of [11] while those for n = 6 are new results. We find very good agreement with the predictions of the theory for the system-size dependence of the cumulants.
For the momentum exchange model also, our simulations are done in the zero total momentum ensemble. In this case it appears numerically challenging to study very large system sizes, possibly because the cumulants become extremely large with increasing system size. Averages were done over R ∼ O(10 7 ) realizations for sizes up to N = 64. However, in this model, asymptotic results are known to be reproduced even at relatively small system sizes [16] . The values of cumulants obtained by linear extrapolation, have been plotted in in Fig. (3) . Again we find a good agreement with the predictions of the theory for the system-size dependence of the cumulants.
The value of the ratio r, a number constructed from quantities with very different order of magnitude, is found to have the same order of magnitude as the predicted value though the number is a bit different. Some of the predictions of FHT are (color online) Hard particle gas: Plot of 2nd, 4th and 6th cumulants of the integrated energy current across a given point on a ring of size L with N = L particles, in the alternate mass hard particle gas. The higher cumulants are multiplied by constant numbers to make the plots clearer. The dashed lines show the expected slopes. expected to be valid at short time scales when heat and sound modes do not interfere. On the other hand, while computing current fluctuations, one is looking at finite systems and large times during which fluctuations travel many times around the ring. An assumption we make is therefore that the interaction between the heat and sound modes is weak. The deviations in the expected universal value of ratio of r could be attributed to this.
In summary, we have shown that the recently developed fluctuating hydrodynamics (FHT) for one dimensional systems can also be used to obtain predictions for energy current fluctuations on the ring geometry. It is seen that the energy current statistics are determined by the statistics of sound mode fluctuations which satisfy the Burgers equation (for HPG gas) and the diffusion equation (for the harmonic chain with noisy dynamics). Remarkably it is found that the system size-dependence of the cumulants is completely different for the two universality classes. Simulation results support our analytic conclusions. The predicted system size dependence is also consistent with the predictions obtained from a Levy walk model for anomalous transport [26] if one assumes that the relaxation time scale is determined by decay of sound mode fluctuations. FHT has recently found diverse applications and fascinating results have been obtained in systems such as the discrete nonlinear Schrödinger equation [27] and exclusion processes on coupled lattices [28] . It will be of great interest to see if results on current statistics in these systems can also be obtained using the ideas proposed here.
Supplementary Material for "Energy current cumulants in one-dimensional systems in equilibrium"
We consider the energy fluctuation for zero pressure case. In this case the predictions of fluctuating hydrodynamics theory is that the three modes satisfy the following equations
Thus the sound modes are diffusive, while the heat mode can be shown to become Levy-like (with a different exponent than the P = 0 case). The energy current is now given by
Hence, to obtain the cumulant generating function (CGF) for the energy current, it is sufficient to compute the CGFs for the currents associated with the two independent diffusive fields φ ± . We now proceed to compute the CGF of a single diffusive field, say φ . Let us consider the space-discretized, continuous time diffusion equation given by
where φ l (t) is the field variable of the sound mode at the lth site and at time t. In the calculation, the sound velocity does not contribute to the result, and hence we omitted this term at this stage. We dropped ± subscript in sound mode variables. The variable η l are taken to be white Gaussian noise terms with unit variance, and their strength B is fixed such that equal-time correlations at long times converge to the expected equilibrium value φ l (t)φ m (t) → φ l φ m eq = δ l,m .
Let us define the Fourier transforms and inverses by:
where q = 2sπ/N, w = 2nπ/τ .
Plugging this into Eq. (23) we get
The noise correlations are given by η(q, ω) η(q , ω ) = [1/(Nτ)] δ q+q δ ω+ω . This leads to the following expression for equal 
where in the last step we have taken the limit of large τ to convert the summation to an integral. This will agree with the equilibrium result if we take B 2 = 2D .
We now evaluate the distribution of the current. In particular, we are interested in the characteristic function Z(λ ) = e −λW where the average is over the noise η(q, ω) and 
For large τ we see that this has the form Z(λ ) = e µ(λ )τ , where
Using the result 
Hence we get 
Taking the continuum limit, we set λ q = q 2 with q = 2sπ/N, and get the following expressions for the even moments of W . (2n)! (2n − 1)(n)!2 n D n a n where a n = 1 (2π) 2 
where B 2n are the Bernoulli numbers. Hence we get 
